(3) To answer these and other questions, a numerical model has been developed which predicts the dynamic state of the fluid in all of the passages of the wave rotor as they are exposed to time dependent conditions in the various ports. The passages are assumed to have uniform properties at any cross section (i.e. one dimensional flow), and the gas is assumed calorically and thermally perfect.
Besides predicting the unsteady gas dynamics which govern the wave rotor operation, the model is capable of assessing losses induced by viscosity, heat transfer to and from the passage walls, the finite opening time of the passages as they enter and exit port regions, non-uniformities in the port flows, and gas leakage between the passage ends and the stationary walls to and from the cavity in the center of the rotor. *'7 It is also capable of calculating the off-design work transfer which occurs when the flow in the ducts is not aligned with the rotor passages (i.e. flow turning). Since all of the passages are tracked simultaneously it is also possible to calculate the instantaneous torque on the drive shaft (and the acceleration of the rotor shaft if no drive motor is present).
The combustor, the cavity in the center of the wave rotor, and the rotor wall metal have much longer response times than the gasdynamic waves in the rotor passages and have thus been modeled using lumped volume techniques.
To the authors' knowledge, this model represents the first transient wave rotor simulation in the literature.
Thispaper willdescribe the model. Results from several example simulations will be then presented and discussed, followed by some closing remarks.
Much of the passage gasdynamic modeling has been described in other references. L5-_ In these papers only a single passage of the wave rotor was followed as it rotated about the circumference; however, the approach to the internal flow is exactly the same in the present multipassage model. As such, equations will be repeated here for reference, but will not be discussed.
Governing F_uations
The governing equations in the passages are assumed to be of the form 0_ 0EC_) 
These equations have been non-dimensionalized using a reference state p', p', and a', where a" is the speed of sound, and the ratio of specific heats, y. In this form the perfect gas law may be written as p=pT. The distance has been scaled by the passage length, L, and the time has been scaled using the wave transit time, --.L For all of the g* results to be presented, the reference state is the wave rotor inlet stagnation state (port 1 in Fig. 1 
orifice equation 9, p_, is the pressure of the gas in the rotor center cavity, 6,._. is the gap between the rotor and casing endwall, Ax is the non-dimensional grid spacing used in the computational scheme to be described below (it is assumed that the leakage gap is much smaller than the grid T o is the gas stagnation 2, spacing), V2 = temperature,and C D is the seal dischargecocfficient_ assumed here to he 0.8. If the cavity pressure is greater than cell pressure then the pressure ratio in Eqn. 6 is inverted, the sign changes, and p, p, To become those of the rotor center cavity.
Eqn. 1 isintegrated numerically using the following Lax-Wen&off technique described in ReL 1:
where the numerical flux estimate _.wis 11) where N is the number of passages, M is the last computational cell in the passage computing domain, b is the passage width, V_, is the volume of the center cavity, and the subscript k refers to the individual passages. The wave rotor casing is assumed adiabatic.
C-
The gas in the center cavity is assumed to have negligible kinetic energy.
Combustor
The combustor density and pressure are modeled similarly to the center cavity except that there is an allowance for heat addition in the energy equation, i.e. tl*l n bhL ,,. Refering to Fig. 1 , the integers N_o and N_ indicate summations over those passages which are exposed (or partially exposed in the case of finite opening time) to the eombustor outlet port and combustor inlet port respectively.
The combustor pressure and temperature obtained from eqns. 12 and 13 are used as updated inlet stagnation conditions for those rotor passages which are exposed to the combustor outlet port at the next time step (i.e. inflow boundary conditions, see Refs. 5 and 7). The passages exposed to the combustor inlet port (i.e. outflow boundary conditions) require an updated static pressure. This is obtained by first estimating the stagnation pressure for the gas just upstream of the combustor using the following equation
where bd is the circumferential span of the combustor inlet port, P, is the mixed static density of the combustor inlet port flow (see appendix 1), and O_mis a constant value greater than 1 which provides a so called "cold' loss in addition to the loss which is incurred by simply heating the gas at constant velocity and static pressure as is assumed in this combustor model. The value of _bd used here is 2.05.
With the combustor inlet stagnation pressure known, the estimated rotor face static pressure required by the model is obtained using the following steady isentropic relation Pd = P_ (15) where P"is the mixed static pressure of the combustor inlet port flow (see Appendix 1).
Boundary Conditions
Implementation of boundary conditions in the model is discussed in detail in refs. 5-7 and will not be presented 
Example Wave Rotor Descriotion and Steady State

Beha_or
The wave rotor chosen for this paper has been 'designed' as a 4 port topping cycle for a 2.3 kg/s (5 lbm/s) engine, with an upstream compressor pressure ratio of approximately 8.
The design technique used is described in Ref. 4. PdP t ( Fig. 1 or 2 directly related to dynamic performance, it is interesting to note that the flow going to the combustor (port 2) is a mixture of both compressed fresh air from the inlet (port 1) and hot gas that did not escape from the rotor during the exhausting process (port 4). This 'exhaust gas recirculation' is a unique aspect of this particular type of four port cycle. There are other configurations in which it does not occur 3.
It is not known at this point whether it represents an advantage or disadvantage in terms of combustor design and/or pollution control.
Steady state performance
Before discussing dynamic results, it is worthwhile to briefly review the steady state wave rotor characteristics.
Doing so provides a reference against which to measure the deviations from normal operation exhibited by the dynamic simulations. Assuming perfect gas behavior and constant dynamic viscosity, the steady state performance of a wave rotor topping cycle can be described in terms of the ratio of specific heats, ¥, and following three dimensionless variables:
where _., A_., Pro, and T_, are the wave rotor inlet (port 1 A multi-dimensional map would still be required however, which is difficult to envision. It has been observed in cycle deck studies of the type of wave rotor topping cycle under consideration here 3 that, for small turboshaft engines, optimal performance is found along a constant corrected speed line for most of the operating range (neglecting startup and idle modes). Furthermore, although the effect that off-design flow turning has on performance can be large _, the amount of work done on the gas is relatively small compared to the heat addition. If this shaft work is neglected, then the temperature ratio may be obtained from the corrected mass flow rate and heat addition as
Thus, the desired wave rotor performance may be expressed on a single plot which shows overall pressure ratio as a function of corrected mass flow rate for different families of corrected heat addition. Such a map is shown in Fig. 3 for the particular wave rotor described above.
This map was generated using the single passage, steady For reference, one rotor revolution (two wave cycles) is approximately 3.6 msec. The transient behavior seen in this simulation example is due almost entirely to the volume dynamics associated with the combustor, center cavity, and valve. That is to say that the wave rotor is essentially operating in steady-state even though the inlet and exhaust mass flow rates do not match one another, nor do the flow rates to and from the combustor. This may be seen in Fig. 7 which shows the sum of the normalized mass flow rates to and from all of the ports as a function of time.
The upper plot shows the entire simulation period, while the lower plot shows only the first 52 msec. If mass were being stored in the wave rotor (or center cavity), this sum would be large; however, it is seen that the sum never exceeds 0.02, whereas the difference between inlet and exhaust mass flow rates (Fig.5 ) reaches values as high as 0.1. The relatively fast response of the wave rotor itself can be seen on the lower plot of Fig. 7 between 20 and 23 msec. The first minimum on this plot (between 20 and 20.5 msec.) represents the readjustment time of the waves. The maximum which follows, of somewhat longer duration, represents the convection time for a particle passing through the rotor. The remaining transient response is due to the volume dynamics of the center cavity.
It is interesting to note that during this transient operation the combustor pressure (i.e. the compression portion of the cycle) decreases with decreasing inlet flow when the heat addition rate is reduced, and vice versa when the heat addition rate is increased. In a conventional gas turbine engine, the initial transient behavior would be the opposite Figure 6 Step The ratios of passage volume to the cavity, combustor, and valve volumes were the same as in the previously described simulation. Fig. I0 shows the same type mass flow summation as Fig. 7 . Again it can be seen that the response of the wave rotor is very fast relative to the various volume dynamics. With regard to Fig.3, it can be seen that both this and the previously presented transient represent situations in which the wave rotor is operating far from the normal range. It is encouraging from a modeling perspective that the simulation can calculate such severe transients. More importantly however, it is encouraging that the wave rotor appears to be so robust.
Instabilities
Although it is not yet possible to experimentally verify the results of the wave rotor model described above, it is at least possible to see if it follows expected dynamic trends. One such trend would be a phenomenon akin to surge which, with reference to Fig. 3, would Figures 11 and 12 show a time l_story of the port normalized mass flows, pressures, and temperatures during a simulation which began at the design speed and heat addition rate, but with the exhaust valve area set to 58% of the design point value. The valve position at which this instability begins is dependent on the combustor and valve (and possibly center cavity) volumes. It was found that the simulation was stable at this operating point for the passage to volume ratios used in the previous simulations. The exact relationship between volume sizes and the onset of this instability has not been fully explored; however, it was found that decreasing the combustor volume and increasing the valve volume both appear to shift the point of instability further to the right of Fig. 3 (i.e., larger   exhaust valve openings) . Thus, the data for Figs. 11 and 12 were obtained by first running the simulation to steady state using the original center cavity, combustor, and valve passage to volume ratios of 0.0093, 0.0037, and 0.018
respectively.
The passage to volume ratios of the combustor and valve were then changed to 0.037 and 0.0062 respectively and the simulation was restarted with initial conditions from the last time step of the stable simulation configuration. Fig. 12 shows stagnation pressure and temperatures in the combustor and exhaust ports for this simulation. Since the combustor temperature reaches very high values it was necessary to substantially reduce the size of the time step in the compufional scheme. It was found that a non-dimensional value of 0.0015 (compared to 0.006 used in the other simulations) maintained a stable computational scheme.
Freewheeling Rotor
The results shown thus far are for a wave rotor which runs at constant speed and is thus driven by some external source. It is possible however for the wave rotor to be selfdriven or fi,eewheeling".
If bearing drag, friction between the rotor and endwans, and friction between the rotor and casing are neglected then the only source of torque on the rotor arises from the flow turning required to bring flow on board the rotor from the ducts. At the design point, the inlet ducts would be so angled such that this would presumably be zero. At any other operating point however, the rotor will either acclerate or decelerate until the net torque is zero. In this mode of operation the corrected speed becomes a dependent variable and Eqn. 17 becomes absolutely valid. It is noted that in steady-state operation there is no guarantee that the speed which the rotor settles out to at any operating point (other than the design point) is optimal as far as the timing of the internal wave processes. Fig. 13 shows the steady-state performance map for the fieewheeling version of the same wave rotor used in the fixed speed examples.
Note that the design points of the two rotors are the same. Step change in heat addition transient, freewheeling wave rotor (unlike conventional turbomachinery in which torque is the primary means of work transfer).
In order to produce the data for Fig. 14 No systematic study has been performed to date on the model to determine the 'best' grid resolution for simulation purposes; however, it is believed that these values of the time step and spacing are sufficient to reasonably demonstrate the rotordynamic phenomenon of interest here.
The inertia of the rotor was estimated using steel with a density of 7860 kg/m 3 and assuming that the only contributing mass was that of the inner and outer cylinders of the rotor. These were taken to be 0.76 cm. in thickness.
The It can be seen in Fig. 14 
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Paxson, D. E., "A Comparison Between Numerically Mixing calculations in the outflow ports account for the losses incurred due to non-uniformities in the flow. Flow in inlet ports is assumed isentropic. The non-uniformities accounted for in the mixing calculation arise from several sources including passage opening and closing, mistimed waves impinging on the port during off-design operation, and broad expansion waves which, even on-design, reflect from some ports and cause non-uniformities in the velocity profile. In off-design situations the flow emerging from the rotor must also be turned by the port walls since it is not necessarily aligned with them. The two processes (mixing and turning) generally occur simultaneously and may require a length many times the port width to be completed.
In the model they are assumed to occur separately.
Furthermore, since there is no accounting at present for the duct length leading from the ports, they are assumed to occur instantaneously. The mixing process is assumed to occur in the rotor frame of reference and the turning process is assumed to be isentropic. These simplifications, 
Using the iscntropic relation p = constant, and combing pV eqns. 19, the following equality may be written qlP, v +q2P_-T°=O I P,
Ap_ndix 2 Numerical Valve Simulation
The wave rotor exhaust valve and associated plenum are simulated in much the same fashion as the combustor.
Since there is no heat addition however, and the only variable of interest is the static pressure at the port exit, 
where the subscript ex refers to the exit port (port 4 in Fig.   1 ), and the subscript ve refers to the valve exit, which is taken to be standard atmosphere in this case. The function f is the same St. Venant's equation described in Eqn. 6.
The updated pressure in this equation is used as an outflow boundary condition for the passages which are exposed to the exhaust port (port 4 in Fig. 1 ).
The roots of this equation (found easily using Newton iteration) are the sub and supersonic values of the absolute static pressure. The sub-sonic value is chosen and the absolute static density and velocity are found using eqns. 19.
